Abstract. A Verlinde space of level k is the space of global sections of the k-th power of the determinant line bundle on the moduli space SU C (r) of semi-stable bundles of rank r on a curve C. The aim of this note is to make accessible some remarks on the action of the Theta group on the Verlinde spaces of higher level. This gives a decomposition of the bundle of Verlinde spaces over the moduli space of curves and we indicate how to compute the rank of the isotypical components in the decomposition.
Introduction
Let C be a nonsingular connected projective curve defined over C. The Jacobian variety J(C) associated to the curve is a moduli space of rank one and degree zero bundles on the curve C. There is a natural polarization Θ C on the Jacobian and one can associate the space H 0 (J(C), Θ k C ) of global sections of the k-th power of the line bundle Θ C , also called as the abelian theta functions. The Theta group G(Θ k C ) was introduced by Mumford [Mu2] and he prescribed an action of this group on H 0 (J(C), Θ k C ) (more generally for sections of line bundles on abelian varieties, see §2.1). As an application, he obtained results on equations defining abelian varieties amongst many other moduli questions.
A higher rank analogue of J(C) is the moduli space U C (r, 0) of semi-stable bundles of rank r and degree 0 and the moduli space SU C (r) of semi-stable vector bundles of rank r and trivial determinant on C, introduced by Mumford, Narasimhan and Seshadri [Mu1] , [Na-Se] , [Se] . There is a polarization Θ on the moduli space SU C (r) called as the determinant bundle [Dr-Na] An action of a theta group G on the space H 0 (SU C , Θ) was prescribed in [BNR] and it was shown to be an irreducible G-module. We wish to investigate the G-action on the higher level Verlinde spaces.
We put this in the framework of families of these moduli spaces over the moduli space of curves. This is done to be able to compute the Chern classes of the bundle of the Verlinde spaces of level one and we hope that it finds applications on further questions on monodromy of the projective representations.
Suppose π C : C −→ T is a smooth projective family of curves of genus g. We can associate to this family, the relative moduli space (1) π S : SU C (r) −→ T of semi-stable vector bundles of rank r and trivial determinant. There is a relative polarization Θ on SU C (r), also called as the determinant bundle.
The Verlinde bundles
are known to be equipped with a projectively flat connection (i.e., a flat connction on the projectivization P(V r,k )), also called as Hitchin's connection (see [Fa1] , [Hi] ). We notice that Θ C is not uniquely defined since we can tensor it by the pullback of any line bundle on T . This implies that the Verlinde bundles are defined upto taking tensor product with a line bundle on T .
Let γ r,k = dimH 0 (SU Ct (r), Θ k t ) be the dimension of the space of sections of Θ k t . Then, by [Be-La] , [Fa2] we have the 'Verlinde formula':
We show that there is a decomposition of the Verlinde bundle, of the form
over a suitable cover of T . Here W χ is an irreducible Heisenberg representation (of higher weight) and F χ is a vector bundle on anétale cover of T over any point (Proposition 4.2) . This is an application of Mumford's Theorem [Mu3, Proposition 2, p.80] of theta groups, to the case of generalized theta functions.
We indicate how the rank of the bundles F χ can be computed (section 5). This shows that the dimension of the isotypical components are different and the isotypical component corresponding to the trivial character is greater than the other components. This is in contrast with the abelian theta functions, where all the components are equi-dimensional (see [Iy1, Proposition 3.7 ], which is stated for level 2, but in fact it holds for any level).
As an application, we compute the Chern character of the level one Verlinde bundle in the rational Chow groups (Corollary 4.3).
The proof is via a study of the Heisenberg group representations [Mu2] , [Iy1] . We extend the action of the Heisenberg group to higher level Verlinde spaces to obtain our assertion. The action is prescribed in a more general set-up, i.e., for moduli of parabolic bundles. Our hope was to compute the multiplicities using degeneration of the moduli spaces with their polarizations and using the Factorisation theorems. It then becomes essential to consider moduli of parabolic bundles with a G-action on the space of generalized theta sections . The Factorization theorems were proved by Faltings, Narasimhan, Ramadas, Sun [Fa2] , [Na-Ra] , [Su] and many other mathematicians in computing the Verlinde formula in some cases. It seemed difficult for us to carry out the computations with a G-action though. We include §3 for the interested readers who might want to use this approach. Beauville, Laszlo, Sorger [Be1] , [Be-La-So 
The space
All the varieties are considered over the field of complex numbers.
2.1. Theta groups. We recall the definition of the Theta group introduced by Mumford and refer to [Mu2] for details.
Suppose A is an abelian variety of dimension g and let L be an ample line bundle on A. Consider the translation map, for any a ∈ A :
Consider the group :
In particular there is a central extension :
2.2. Heisenberg groups. Fix positive integers δ 1 , δ 2 , ..., δ g such that δ i divides δ i+1 , for each i. The g-tuple δ = (δ 1 , . . . , δ g ) is called the type of δ.
Given a type δ, write
The Heisenberg group Heis(δ) is the set
with a twisted group law: (α, x, l).(β, y, m) = (α.β.m(x), x + y, l.m) [Mu2] .
Consider the C-vector space
and the action of (α, x, l) ∈ Heis(δ) on f ∈ V (δ) is given as :
Then we have
Theorem 2.1. The C-vector space V (δ) is of dimension equal to δ 1 .δ 2 ...δ g and is the unique irreducible representation of the Heisenberg group Heis(δ) such that α ∈ C * acts by its natural character.
Proof. See [Mu2, Proposition 1].
Definition: If W is a representation of the Heisenberg group Heis(δ) such that α ∈ C * acts as multiplication by α l , then we say that W is a Heis(δ)-module of weight l.
We have the following result on higher weight Heis(δ)-modules.
Proposition 2.2. The set of irreducible representations of the Heisenberg group Heis(δ)
of weight l is in bijection with the set of characters on the subgroup of l-torsion elements,
Moreover the dimension of any such representation is
If χ is a character on K(δ) l and W χ is the corresponding irreducible representation then
) and (l, δ i ) denotes the greatest common divisor of l and δ i .
Proof. See [Iy1, Proposition 3.2] when l = 2 and [Iy2, Proposition 5.1] when l > 2.
H
0 (SU C (r), Θ C ) as a Heis(δ)-module of weight 1. Given a nonsingular projective curve C of genus g and integers r, d, the moduli space of semi-stable vector bundles of rank r and degree d is denoted by U C (r, d). The moduli space of semi-stable bundles on C of rank r and trivial determinant is denoted by SU C (r) and the ample polarization on it by Θ C [Dr-Na]. The Jacobian J n C parametrises degree n line bundles on C, upto isomorphisms.
Notice that the subgroup (J C ) r of r-torsion points on J C , acts on the moduli space SU C (r)
and it leaves Θ C invariant [BNR, p.178] .
Consider the commutative diagram (I):
Here l r is the line bundle corresponding to a r-torsion point on J(C).
Consider the group
Then there is an exact sequence:
which is a central extension.
We recall the constructions in [BNR] which leads to a description of the vector space
Firstly, the moduli space U C (r, d) is described as follows.
Theorem 2.3. There is a r-sheeted (ramified) covering π : C ′ −→ C with C ′ nonsingular and irreducible such that the rational map π * :
−1 be the line bundle and consider the norm map
Let P ′ = Nm −1 σ be the variety associated to the ramified covering π : C ′ −→ C. We denote g = genus of C and g ′ = genus of C ′ . Then there is a commutative diagram (I) ( [BNR, Proposition 5.7, p. 178] ) :
and satisfying:
P.1. the morphism is is an isogeny of degree r 2g and is U is the map given by tensor product. Further, (is U )
The indeterminacy locus of π * ,is is of codimension at least 2.
is a primitive line bundle (i.e., not a power of another line bundle) and is of type δ = (1, 1, ..., 1, r, r, ..., r). Here r occurs g-times.
P.4. The subgroup (J C ) r of r-torsion points of J C acts on SU C (r) and leaves the line bundle Θ C invariant. There is a G(Θ P ′ )-action on the sections of Θ P ′ such that the pullback map
is equivariant for this group and the pullback map is an isomorphism.
Consider the commutative diagram (II):
Here l r ∈ Pic 0 (C) r = J(C) r .
Remark 2.4. Notice that P.3 and (II) imply that
Indeed, the map is given by (l r , φ) → (l r , (π * ,is ) * φ) which is injective and hence an isomorphism. Further, this implies that the Weil pairing (given by the commutator map) on J(C) r , corresponding to the extension
with weight 1 and is an irreducible representation.
Remark 2.5. The above mentioned remark can be extended to the following case: consider the moduli space SU C (r, η) of semi-stable bundles with fixed determinant η. Now l r ∈ J(C) r acts on SU C (r, η) as E → E ⊗ l r . Since Pic SU C (r, η) = Z.Θ C ([Dr-Na]) any point l r of J(C) r corresponds to a finite order automorphism of SU C (r, η), we have Θ C ≃ (⊗l r ) * Θ C . As earlier we can form the group of automorphisms G 1 (Θ C ) of Θ C . Further, there is a Weil form on J(C) r , given by the commutator map associated to the extension,
This form is nondegenerate since Θ C is primitive. In other words, G 1 (Θ C ) can be identified with the standard Heisenberg group Heis(δ), where δ = (r, ..., r) and r occurs g-times.
Remark 2.6. Since there is a (surjective) homomorphism
and α ∈ C * acts as α → α k , i.e., with weight k.
Parabolic case
Suppose C is a nonsingular projective connected curve of genus g and E is a vector bundle on C. Fix a parabolic data ∆:
fix a positive integer m and for each x ∈ S associate a sequence of integers (a 1 (x) , ..., a lx+1 (x)). The weights a(x) have multiplicities n(x) = (n 1 (x), n 2 (x), ..., n lx+1 (x)) associated to a flag of the fibre E x
).
Consider the moduli space SU C (r, ∆) of vector bundles of rank r and trivial determinant and which are semi-stable with respect to the parabolic data ∆. Then SU C (r, ∆) is a projective variety ([Me-Se]). There is a parabolic theta line bundle Θ ∆ on SU C (r, ∆) which is ample ([Na-Ra, Theorem 1.(A)]).
We briefly recall the constructions (see also [Su] ):
Consider the Quot-scheme Q of coherent sheaves of rank r and degree 0 over C and trivial determinant, which are quotients of O P (N ) (−N), with a fixed Hilbert polynomial P . Here N is chosen large enough so that every ∆-parabolic semi-stable vector bundle with Hilbert polynomial P occurs as a point in Q.
Thus on C × Q, there is a universal sheaf F , flat over Q and denote the restriction on x × Q by F x , for x ∈ S. Let F lag n(x) (F x ) −→ Q be the relative Flag scheme of type n(x). Consider the fibre product
Let R ss ⊂ R denote the open subscheme of R whose points correspond to ∆-parabolic semi-stable bundles with trivial determinant. The pullback of F −→ C × Q, under Id × pr, to C × R ss is still denoted by F .
Denote the quotients
The parabolic theta line bundle is defined as
Here π : C × R ss −→ R ss is the second projection and
The variety SU C (r, ∆) is the 'good quotient' of R ss under the action of SL(P (N)). The ample line bundle Θ ∆ descends to an ample line bundle on SU C (r, ∆) and is still denoted by Θ ∆ . 
Remark 3.2. Further, the ample line bundle detRπ * (F ) on Q 0 descends to the theta line bundle Θ C on SU C (r). If m = 1, we write SU C (r, ∆) = SU C (r).
The space H
0 (SU C (r, ∆), Θ ∆ ) is a G 1 (Θ C )-module. Firstly, notice that the group J(C) r acts on the moduli space SU C (r, ∆):
In fact, there is a commutative diagram (III):
Lemma 3.3. Suppose the indeterminacy of the map q 2 is of codimension at least 2. Then the vector space
Proof. Since the indeterminacy of q 2 is of codimension at least 2, the pullback of Θ C defines a line bundle on SU C (r, ∆). Further, it follows from (2) that, Θ ∆ = q * Θ m C ⊗ M, for some line bundle M on SU C (r, ∆) which is not a pullback from SU C (r). Hence, given an element (l r , φ) ∈ G 1 (Θ C ), there is an isomorphism
This gives an action of G 1 (Θ C ) on the space of sections H 0 (SU C (r, ∆), Θ ∆ ). In particular, the scalars act as α → α m . This proves our assertion.
Proof. Indeed, as shown in Lemma 3.3, (l r , φ) ∈ G 1 (Θ C ) induces isomorphisms
Suppose δ = (r, r, ..., r) with r occuring g times.
Lemma 3.5. Given a level r-structure on the Jacobian J(C), there is an isotypical decomposition
where W χ is an irreducible representation of Heis(δ) of weight km. Moreover,
is identified with the Heis(
) of weight 1.
Proof. A level r-structure h : J(C) r ≃ K(δ) is induced by an isomorphism
This is true by Remark 2.4 and the arguments in [Mu2, p.318] ): consider the subgroups
Consider their lifts which are level subgroups
Hence, by Remark 2.6 and Corollary 3.4, H 0 (SU C (r, ∆), Θ k ∆ ) is now a Heis(δ)-module of weight km. By Proposition 2.2, there is an isotypical decomposition as asserted. Consider a smooth projective family of curves with n-marked points (5) π : C −→ T of genus g > 0 and suppose T is nonsingular.
Remark 4.1. We may assume that T is the moduli space of nonsingular projective connected n-marked curves of genus g, with suitable level structures, so that there is a universal curve over T .
We can associate to (5), the following families:
is the family of Jacobian varieties of dimension g,
is the family of moduli spaces of semi-stable vector bundles of rank r and trivial determinant and
is the family of moduli spaces SU t (r, ∆) of ∆-parabolic semi-stable vector bundles on C t of rank r and trivial determinant.
There is a line bundle Θ ∆ (resp. Θ) on SU (r, ∆) (resp. SU (r)) such that Θ ∆ restricts on any fibre SU t (r, ∆) (resp. SU t (r)) to the parabolic theta bundle Θ ∆,t (resp. Θ t ) [Dr-Na], [Na-Ra].
Definition: The vector bundles
are called as the Verlinde bundles of level km, for k > 0.
4.2.
A decomposition of the Verlinde bundles. We denote
Consider the group scheme J r −→ T which is the kernel of the homomorphism
given by multiplication by r on J . There is an exact sequence
where G 1 (Θ) represents the functor defining the automorphisms of Θ over the sections of J r (see also [Mu3, p.76] , for similar constructions).
Proposition 4.2. Given a t 0 ∈ T , there is anétale open cover
over U and for some vector bundles F χ on U.
Proof. Suppose T is the moduli space of nonsingular n-marked curves with level rstructure. Given a t 0 ∈ T , a level r-structure can be lifted locally on T to a generalized theta structure, say over an openétale cover U −→ T , i.e., the group scheme G 1 (Θ) trivializes over U and is identified with Heis(δ) × U. Hence Heis(δ) × U acts on the Verlinde bundle V r,km with weight k.
Now the proof is, by using Lemma 3.5 and the arguments in [Mu3, Proposition 2, p.80] : Since the subgroup K(δ) km is represented over T , there is a vector bundle decomposition
where W χ is a subbundle and is acted by the character χ.
Over U, we know that W χ is acted upon by Heis( δ km ) and hence
where W χ is defined in section 2. and for some vector bundle F χ of rank n χ .
This gives the required isomorphism
Corollary 4.3. The Chern character of the Verlinde bundle V r,1 is written as
Proof. In the rational Grothendieck group
where L S = F 0 is a line bundle. This gives the assertion on the Chern characters in the rational Chow groups CH * (T ) Q . 
(we may assume T −→ M g ). In particular, ch(V r,1 ) = γ r,1 .ch(l.λ) ∈ CH * (T ) Q .
A remark on the multiplicities of the isotypical components
In this section, we indicate how the multiplicity n χ of the representation W χ which occurs in H 0 (SU C (r, η), Θ k C ) (here n χ are as defined in Lemma 3.5), can be computed. This was mentioned to us by A. Beauville.
Let K ⊂ J(C) r be any subgroup isomorphic to µ s × µ s , s ≤ r. Consider the moduli space MSL(r) µs of principal semistable SL(r) µs bundles.
5.1. The multiplicities when K = J(C) r . In this case we obtain the moduli space M P GL(r) of principal semi-stable P GL(r)-bundles. Further, fix a point p ∈ C and denote
Suppose Θ ′ denotes the primitive line bundle on M d P GL(r) (i.e., the first power of the determinant line bundle which descends to the quotient) and
By Remark 2.6, we can write
Here n d χ is the multiplicity of W χ which occurs in
Lemma 5.1. Suppose k is a multiple of r and r is odd or if k is a multiple of 2r and r is even. Then
and
Proof. In [Be-La-So] , it is shown that Θ k C descends down to the quotient M d P GL(r) if k = l.r and r is odd or if k = l.2r and r is even. We note that the J(C) r -invariant sections of Remark 5.2. In [Be1, Proposition 3.4] , when r is a prime, dimH
Hence we get an explicit formula for the multiplicities n χ triv and n χ in this case.
The multiplicties when
we consider the intermediate quotients
As in §5.1, the disjoint union (See also [Za] , for the various aspects of the Verlinde formula.)
